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ABSTRACT 

Over the last decades computer power has grown and it is 

now possible to use computers for solving any 

electromagnetic problem by the approach of solving 

rigorous electromagnetic field (EMF) equations 

(Maxwell´s equations). With the use of this technique, it is 

possible to easily model an earthing system (ES) with a 

uniform or non-uniform soil model. 

This paper thus points out to the possible error between 

the analytical and EMF approach when determining ES 

resistance that has a crucial effect on resulting human 

safety. Three different ESs of distribution system 

substation were modelled using EMF simulation software 

(Ansoft Maxwell) for uniform and two layer soil models. 

The expected earthing resistances were determined for the 

ES models and compared with the values obtained by an 

analytical uniform soil model. The calculation was done 

for two different values of surface soil resistivities as well 

as for four different values of the surface layer thickness. 

Both values were compared which indicated the possible 

error that is being made when using an old analytical 

approach. 

INTRODUCTION 

Earthing system overview 

Designing an ES is one of the frequently performed task 
by power electricity engineers when designing almost any 
distribution transformer/switching/etc. substations. 
Basically, designers have to fulfil electrical, functional, 
safety and some general requirements, e.g. as defined in 
European Standard EN 50522:2010 [1]. Apart from other 
requirements, the designer must ensure 

1) The ES has to withstand the fault current without 
any damage. 

2) The material for earthing rods, strips and 
networks should be chosen with respect to 
lifetime longevity and duration (i.e. anti-
corrosion). 

3) The resistance of an ES should not be very high 
in order to allow the earth-fault protection to 
operate reliably. 

4) The EPR (earth potential rise) on the ES should 
not exceed certain limits. 

5) The step and touch voltages in the vicinity of the 
ES shall not exceed safety limits as defined in [1]. 

From a human safety point of view the last two points 
make up the main restrictions and they are crucial 
requirements that have to be carried out carefully and 
properly.  

 
As the fault current flows from the source through the 
power line, the faulted equipment (e.g. phase-armature 
fault), the ES and back to the source through the ground, 
a potential gradient appears in the surrounding surface of 
the ES. This gradient decreases with the distance from the 
grounding electrode and practically disappears at great 
distances. However, this potential gradient can be a source 
of danger to persons through the step and touch voltages. 
Potential gradient magnitudes depend mainly on the 
magnitude of fault current, the shape of the ES and the 
resistance of the ES. The fault current is dependent on the 
neutral point connection of the affected distribution 
system. Nevertheless, it is possible to decrease the earth 
fault current to great extent by operating the distribution 
system as resonant earth, the crucial part from the 
viewpoint of hazardous voltages is located in the resulting 
ES resistance. The resistance of ES is dependent on its 
shape and the soil resistivity.  

ES resistance 

In the field of calculating ES resistance a lot of progress 
has been done throughout almost the entire last century. 
Basically, the ES is a spatial structure buried under the 
distribution system (DS) substation in the ground. As the 
ground represents a 3D spaced conductor of infinite width, 
the fault current dissipates from the ES in all directions and 
thus simplifications of linearization of resistance 
calculation is not applicable. The approach of rigorous 
electric field calculation is possible but may lead to many 
mathematical difficulties. In the time of widespread 
electrification, solving equations of electromagnetic field 
(i.e. Maxwell´s equations) was not suitable, therefore some 
simplified equations were developed to avoid an overly 
complicated and time consuming approach.  
 
The origin of all of today’s simplified formulas for 
calculating ES resistances stems from the method of image 
charges. After being used together with the method of 
average potential method by Howe [2], other authors were 
inspired to use it for ES issues. Therefore, a series of more 
or less extensive works were published by Peters [3], 
Ollendorf [4] and others. True insight into all these 
calculations were brought by Dwight [5]. In his paper 
Dwight introduced derived simplified formulas for many 
different shapes of ES. Later, his work was followed by 
Rüdenberg [6] and Schwartz [7]. As Rüdenberg was more 
focused on simplifying the formulas for solving ES and in 
his paper derived formulas depth independent, Schwarz 
introduced modified formulas that were easier to use 
because of the only dependence on the total length of all 
ES conductors and the total area covered by ES. All of the 
previous formulas were slightly modified later [12, 13] and 
they became universally accepted as the basic approach to 
solving ES problems.  
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At the beginning of derivation of all previous formulas 
there were discussions on the composition of the earth 
structure [4, 6] and its equivalent electrical model. A 
generally accepted soil model – the uniform soil model – 
was chosen, because of its simplicity. (i.e. a model with 
only one layer) However, from the field measurements it 
was obvious that the uniform soil model does not fit earth 
very well and thus more authors turned their attention to 
the soil models. One of the first published works can be 
the paper by Thapar [8] later followed by Sunde [9] and 
many others [10-13]. Generally there are two basic 
approaches of uniform and multi-layer soil models. 
Whereas uniform soil model is considered as homogenous 
isotropic structure, the two layer model or multi-layer soil 
model is considered as with more horizontally separated 
homogenous isotropic layers, each with its different soil 
resistivity ρ and its thickness h. Choosing an appropriate 
soil model may not be so simple and is always only 
simplifications of the real structure of the soil. A basic 
technique for measuring soil resistivity is the Wenner four 
pin method. This method uses four electrodes driven into 
the ground separated by distance a. Techniques for 
determining parameters of multi-layer soil have been 
developed by Sunde [9] and others [14], usually based on 
measuring soil resistivity by the Wenner method for many 
different separation distances a, so it is possible then to 
estimate ρ and h using a graphical method [15]. Also, it 
should be noted that the soil resistivity and thickness of 
different layers may change during the lifetime operation 
due to moisture changes. Despite the increase in difficulty 
of the analytical approach in calculation ES resistance, 
multi-layer soil model achieves more accurate results and 
is therefore recommended [15]. 
 
With the development of personal computers and the 
possibility of using them for solving thousands of 
equations, the opportunity to use them to directly solve 
Maxwell´s electromagnetic field equations quickly 
emerged. A lot of effort has been put into this field and 
many different programs have been developed. Basically, 
the idea of directly solving Maxwell´s equations is 
accomplished by discretizing the 3D spatial object (like the 
ground, ES, conductor etc.) into a finite number of basic 
elements (cubes, tetrahedrons) and solving the 
electromagnetic problem in each element by using 
numerical/iterative methods. Generally, as the number of 
elements increase (when reducing element dimensions), 
greater accuracy is achieved and vice versa. On the other 
hand, more elements require more computation time and 
thus more time is needed to find the solution. Depending 
on the solution type and chosen boundary condition, 
different methods were derived. For solving integral 
equations it is known as boundary element method (BEM) 
and for differential equations as finite difference method 
(FDM) and finite element method (FEM). The last method 
of finite element found significant footing in the field of 
simulating electromagnetic problems in the power electric 
field [16].  
 
The current approach in ES resistance calculation may be 
found in using some state of the art EMF simulating 
software [16]. Such software packages are already 
commercially available like CDEGS [17]. 

EARTHING SYSTEMS CASE STUDIES 

(MODELS) 

In this paper three different ES networks were modelled to 

determine its ES resistances by means of an analytical 

method and FEM software. The dimensions of modelled 

ESs are based on the Czech Republic´s earthing practice.  

 

The first modelled earthing network may represent a kiosk 

distribution transformer station. This type of substation is 

generally built on a reinforced concrete foundation and the 

ES is interconnected with the concrete rebar. So the ES of 

kiosk substation basically consists of a rectangular 

foundation earthing. The ES is also supplemented with the 

rectangular peripheral earthing and for the purpose of 

improving the step voltage gradients there is also an 

earthing strip 1.5 m in front of the kiosk to reduce potential 

step voltage magnitudes. The ES is supplemented by four 

rods. The dimensions are apparent from the Fig.1. The 

earthing is made of an Fe-Zn strip with its cross section 

30x4 mm2 and the ES is buried 0.7 m in the ground. 
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Figure 1: Kiosk ES, model 1, schematic overview 

 

The second modelled ES represents the ES of distribution 

transformer station (DTS) mounted on a concrete pole 

(Fig.2). The ES is composed of the reinforced concrete 

foundation supplemented with two peripheral ring earthing 

electrodes (EE) connected through the earthing strip. The 

earthing is completely made of an Fe-Zn strip 30x4 mm2. 

The inner ring EE is buried 0.4 m in the ground and the 

outer ring is buried 0.7 m in the ground. The concrete 

foundation around the pole is buried 2.2 m in the ground. 

The concrete pole is 0.365 m in diameter.  

The third and last model in this paper is also a pole 

mounted DTS depicted in Fig.3, but the ES is made as four 

point star EE buried 0.7 m in the ground. The reinforced 

concrete foundation has the same dimensions as with 

model 2. The concrete pole is 0.365 m in diameter. 
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Figure 2: Pole mounted DTS ES, model 2, schematic 

overview 
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Figure 3: Pole mounted DTS ES, model 3, schematic 

overview 

 

Throughout the simulation, all these ESs were placed in 

two layer hemispheric homogenous and isotropic soil 

models with respected resistivity ρ1 for the first-surface 

layer and ρ2 for the deeper second-bedrock layer. The 

thickness of the surface layer is here denoted as h. 

CALCULATION METHODS 

Analytical PNE approach 

The basic requirements on ES are described in European 

Standard EN 50522 [1]. The Appendix J of this standard 

presents simple equations for determining the ES 

resistance of some simple EEs. However, these equations 

are stated with no proper explanation on how to use them 

for earthing networks of any arbitrary complicated shapes. 

Because there is no other European Standard with further 

explanation on how to estimate the ES resistance, the 

utility standard PNE 33 0000-4 :2011 is used in the Czech 

Republic [18] as a main source of analytical solution 

method for utility company personnel or other designers 

who deal with high voltage DTS ES designing. This utility 

standard specifies some basic principles focused on the 

calculation of ES resistance for more complicated shapes 

of ESs. Based on the literature reviewed it can be said that 

the equations in this standard are based on method of 

images [1, 4, 5] and they are a combination of the Dwight 

[5] and Rüdenberg [6] ES calculation approach. Because 

most of the engineers use only country specific literature, 

the most complicated ES shapes may be solved by the 

method of calculating the ES resistance by the self and 

mutual potential method as the same method is described 

in Appendix I in [7]. Because of the difficulty of 

determining the self and mutual potential and resulting 

resistances, basic simplified formulas are used together 

with some empirical coefficients η implementing the effect 

of mutual influence. So introduced below are the equations 

from PNE [18] used for determining the ES resistance of 

three ES models used in this paper. 

 

For the foundation earthing Rf, the formula for a circular 

plate buried at zero depth can be used, where the 

rectangular shape is converted to a circular disk with an 

equivalent diameter (as is in accordance to [1, 6])  

𝑅𝑓 =  𝜋
𝜌

4 ∙ (𝑎 + 𝑏)
= 𝜋

𝜌

2𝐷
 (1) 

𝐷 = 2 ∙
𝑎 + 𝑏

𝜋
=

𝐿

𝜋
 (2) 

Rectangular peripheral EE Rp should be modelled as a ring 

electrode (probably at zero depth as it is not specified in 

[18]), the formula is same as in [1] 

𝑅𝑝 =
𝜌

𝜋2𝐷
ln

2𝜋𝐷

𝑑
 (3) 

Vertically driven rod Rr (as in accordance with [1, 6])  

𝑅𝑟 =
𝜌

2𝜋𝐿
ln

4𝐿

𝑑
 (4) 

and strip EE Rs (in accordance with [1, 6]) 

𝑅𝑠 =
1

𝜂𝑠

∙
𝜌

𝜋𝐿
ln

2𝐿

𝑑
 (5) 

where ρ is the average (apparent) soil resistivity of uniform 

soil model, a and b are the length and width dimensions of 

rectangular EE, D is equivalent/real diameter of ring or 

disk EE, L is the length of  an appropriate electrode (one 

strip, or length of one rod), d is the inner diameter of 

earthing conductor wire or the rod or half of the width of 

the strip conductor, ηs is the coefficient of mutual influence 

of more strips that for 1 or 2 strips is equal to 1, for three 

and four strips equal to 0.9 and 0.836, respectively. 

And for the reinforced concrete foundation EE of a 

concrete pole (DTS, or switching substation etc.) as 

𝑅𝑝𝑜𝑙𝑒 = 1.1 ∙ 𝐾11

𝜌

𝐿𝑝

 (6) 

where Lp is the depth of a buried concrete pole in the 

ground and K11 is a coefficient determined from the chart 

in PNE [18] dependent on Lp and the pole diameter Dp.  

 

All previous formulas are basically defined for EEs buried 

at zero depth (i.e. on the surface) and it can be seen from 

(1-6) that they are almost depth independent. The 

determination of ES resistance of any shape according to 

this standard is possible by using the formula for parallel 

connected resistances  

𝑅𝑝𝑎𝑟𝑎𝑙𝑒𝑙 =
𝑅1 ∙ 𝑅2

𝑅1 + 𝑅2

 (7) 
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Also, the formulas (1 to 5) were defined in the literature 

only for calculations of self-resistances and thus in PNE 

[18] mutual coefficients are defined as follows 

𝑅𝑐𝑜𝑟𝑒𝑐𝑡𝑒𝑑_𝑚𝑢𝑡𝑢𝑎𝑙 =
𝑅𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙

𝜂
 (8) 

where η differ according to ES types. For the combination 

of peripheral EE with strips (two/four point strip/star) it is 

recommended to use 0.9, for two parallel peripheral EEs 

0.7, for the foundation and peripheral EE 0.7-0.8, for pole 

with strips as 0.9, and for peripheral EE with rods using 

the following formula 

𝑅 =
1

0.9 ∙ 𝑛 ∙ 𝜂𝑟

𝑅𝑟
+

1
𝑅𝑝

 
(9) 

where n is the number of rods and ηr is mutual influence of 

more parallel rods depending on its spacing ar, n, and 

buried depth. Coefficient ηr is determined graphically as 

introduced by Dwight [5, 18]. 

 

FEM approach 

Determination of ES resistance for an arbitrary shape of 

EE in this work was accomplished with the help of Ansoft 

Maxwell [20] software. This software enables the user to 

model any 3D spaced object, defining its boundary and 

source excitation condition and calculate the EMF inside 

and around the spatial objects. Thus, all three ES models 

were modelled together with hemispherical uniform and 

the two layer soil model. With the use of VBS script, the 

soil resistivity of surface layer and its thickness were 

changed and the ES resistance was determined for each 

different case with preserving the ES shape and 

dimensions constant. The Ansoft Maxwell software uses 

tetrahedron elements to discretize the EMF and also the 

second order interpolation of the fields between the 

tetrahedrons. The ES resistance was derived from the 

Ohm´s law as R = u/i, where i was set as a fixed value and 

u was obtained as the total EPR value of modelled ES [19]. 

 

Table 1: Calculated results for Kiosk DTS ES, first 

model  

ρ1/ρ2 ρPNE h RFEM RPNE ΔR 

Ωm Ωm m Ω Ω % 

100/100 100 Uniform 4.73 4.59 3.0 

500/100 123.2 
0.2 

4.87 5.65 16.1 

40/100 84.5 4.56 3.88 15.0 

500/100 291.0 
0.5 

5.06 13.34 164.0 

40/100 62.7 4.29 2.88 33.0 

500/100 418.2 
1 

7.40 19.18 159.1 

40/100 50.6 3.51 2.32 34.0 

500/100 495.0 
5 

17.00 22.70 33.5 

40/100 43.0 2.46 1.97 19.8 

 

Table 2: Calculated results for Pole mounted DTS ES, 

second model, two peripheral rings 

ρ1/ρ2 ρPNE h RFEM RPNE ΔR 

Ωm Ωm m Ω Ω % 

100/100 100 Uniform 7.96 10.23 28.5 

500/100 123.2 
0.2 

8.24 12.60 52.8 

40/100 84.5 7.55 8.64 14.4 

500/100 291.0 
0.5 

9.17 29.76 224.6 

40/100 62.7 6.76 6.41 5.2 

500/100 418.2 
1 

17.08 42.76 150.3 

40/100 50.6 5.35 5.17 3.3 

500/100 495.0 
5 

31.26 50.62 61.9 

40/100 43.0 3.76 4.40 16.8 

Table 3: Calculated results for Pole mounted DTS ES, 

third model, four point star ES 

ρ1/ρ2 ρPNE h RFEM RPNE ΔR 

Ωm Ωm m Ω Ω % 

100/100 100 Uniform 3.24 4.49 38.6 

500/100 123.2 
0.2 

3.33 5.53 66.4 

40/100 84.5 3.15 3.80 20.5 

500/100 291.0 
0.5 

3.48 13.07 275.8 

40/100 62.7 2.98 2.82 5.6 

500/100 418.2 
1 

7.57 18.79 148.3 

40/100 50.6 2.22 2.27 2.4 

500/100 495.0 
5 

11.73 22.24 89.5 

40/100 43.0 1.69 1.93 14.5 

RESULTS 

In this section the results of both analytical and FEM 

simulation are introduced. The results for analytical 

calculation RPNE according to utility standard PNE [18] are 

achievable only for a uniform soil model as it is in 

accordance to the definition of formulas (1-6). These 

results are compared with the FEM RFEM simulation for the 

two layer model. As the input to the analytical approach 

was chosen apparent soil resistivity ρPNE that was obtained 

from the simulation of Wenner four pin measurement of 

two layer soil model in Ansoft Maxwell software. Wenner 

measurement was simulated only for four different 

electrode spacing (0.4, 0.6, 1 and 2m) and the resulting 

apparent soil resistivity was obtained as the averaged 

value. These electrode spacing are based on Czech 

Republic´s practice. Form the point of view of uniform soil 

model this measurement may be enough to determine the 

soil resistivity of uniform soil model at the depth of 

burying ES. Nevertheless it may cause error in the results, 

this can represent the worst case field measurement. The 

results of the calculations are given in Tables 1 to 3 for 

models 1 to 3, respectively. In the first line of the tables 
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the results for uniform soil model also simulated by Ansoft 

Maxwell software are given. The last column states the 

calculated percentage relative error ΔR between RFEM and 

RPNE referenced to RFEM as being considered as more 

precise. The reinforced concrete foundation in all three 

models was modelled as a spatial homogeneous isotropic 

structure with its behaviour the same as for soil models. As 

[15] and other published works report, the reinforced 

concrete foundation resistivity was set equal to wet 

concrete at a value of 90 Ωm, as may be assumed in most 

cases for concrete structures buried in the ground.  

CONCLUSION 

In this paper the influence of uniform and two-layer soil 
model on resulting ES resistance was studied. From the 
results it can be assumed that a thin surface layer (h = 0.2 
m) or much thicker surface layer (h = 5), compared to the 
depth at which the ES is buried (0.4 m and 0.7), have less 
influence on the resulting resistance compared to cases 
when surface layer thickness is comparable (h = 0.5 and 1 
m) to ES depth. In other words, when the ES is buried in 
the vicinity of where the soil model was changed, greater 
errors in resulting ES resistance may occur when using the 
described analytical approach with a uniform soil model. 
The proposed idea may have profound impact for soils 
with the surface layer more resistant. The above mentioned 
findings may lead to the idea to avoid burying ES in the 
vicinity of the change in soil resistivity due to a two-layer 
model. 
Another interesting aspect is how accurately the analytical 
model performs for a uniform soil model simulated by the 
software. The results for the first model seem fairly 
accurate with an error of only 3% whereas for the second 
and third model the difference is much greater at about 
30%. 
From the overall results, it may be said that the formulas 
of PNE [18] in most cases will lead to overestimating the 
ESs. However, when the soil model obtained from 
measurements (e.g. by some of above mentioned 
techniques [9, 14]) will be with a more conductive surface 
layer, the PNE formulas may lead to underestimated ES 
with an increased potential safety hazard. 
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